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Abstract. The category of Yetter-Drinfeld modules yV§ over a 
Q ' Hopf algebra K (with bijektive antipode over a field k) is a braided 

monoidal category. If H is a Hopf algebra in this category then 
' the primitive elements of do not form an ordinary Lie algebra 

. anymore. We introduce the notion of a (generalized) Lie algebra in 

yT>x such that the set of primitive elements P{H) is a Lie algebra 
in this sense. Also the Yetter-Drinfeld module of derivations of 
an algebra A in yT>^ is a Lie algebra. Furthermore for each Lie 
algebra in yT>^ there is a universal enveloping algebra which turns 
| out to be a Hopf algebra in yV^ . 
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1. Introduction 



bj). 

The concept of Hopf algebras in braided categories has turned out 
to be very important in the context of understanding the structure 
of quantum groups and noncommutative nonco commutative Hopf al- 
gebras. In particular the work of Radford |7|], Majid ||, Lusztig 0, 
and Sommerhauser |5J show the importance of the decomposition of 
quantum groups into a product of ordinary Hopf algebras and of Hopf 
algebras in braided categories. 

Since by the work of Yetter |J Hopf algebras in braided categories 
that are defined on an underlying (finite-dimensional) vector space can 
be considered as Hopf algebras in some category of Yetter-Drinfeld 
modules, we will restrict our attention to Hopf algebras if in a category 
of Yetter-Drinfeld modules over a Hopf algebra K with bijective 

antipode. 

There are two structurally interesting and important concepts that 
survive in this generalized situation, the concept of group-like elements 
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(A(g) = g®g, e(g) = 1) and the concept of primitive elements (A(x) = 
x ® 1 + 1 ® x, e(x) = 0). 

For ordinary Hopf algebras H the set of primitive elements P{H) of 
H forms a Lie algebra. This result (in a somewhat generalized form) 
still holds for Hopf algebras in a symmetric monoidal category. This 
is, however, not true for braided monoidal categories. 

There have been various attempts to generalize the notion of Lie 
algebras to braided monoidal categories. The main obstruction for such 
a generalization is the assumption that the category is only braided and 
not symmetric. One of the most important examples of such braided 
categories is given by the category of Yetter-Drinfeld modules yT>§ 
over a Hopf algebra K with bijective antipode which is always properly 
braided (except for K = k, the base field) ||. 

We introduce a concept of Lie algebras in yV^ that generalizes the 
concepts of ordinary Lie algebras, Lie super algebras, Lie color algebras, 
and (G, x)-Lie algebras as given in |5j . 

The Lie algebras defined on Yetter-Drinfeld modules have partially 
defined n-ary bracket operations for every n G N and every primitive 
n-th root of unity. They satisfy generalizations of the (anti-) symmetry 
and Jacabi identities. 

Our main aim is to show that these Lie algebras have universal en- 
veloping algebras which turn out to be Hopf algebras in yT>^. Con- 
versely the set of primitive elements of a Hopf algebra in yT>^ is such 
a generalized Lie algebra. We also give an example that generalizes the 
concept of orthogonal or symplectic Lie algebras. 

2. Braid Symmetrization 

We begin with two simple module theoretic observations. The fol- 
lowing is well known: if A, B are algebras and M is an v4-P-bimodule, 
then Hom^.P, .M) is a right P-module for every A-module P. We 
need a comodule analogue of this. 

Let A be an algebra, C be a coalgebra, and aM c be an A-C- 
dimodule, i.e. a left A-module and a right C-comodule such that 
5(am) — (a® l)S(m). 

Proposition 2.1. Let P be a finitely generated left A-module. Then 
Hom^O-P, -M) is a right C -comodule with the canonical comodule struc- 
ture such that 

(Hom A (P, M) Hom A (P, M)®C — > Hom A (P, M®C)) = Hom A (P, 5). 

Proof. Let pi, ■ ■ ■ , p n be a generating set of P and let / G Hom^.P, .M). 
Let rrii := f{pi)- Then by the structure theorem on comodules the m,i 
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are contained in a finite dimensional subcomodule M C M which is 
even a comodule over a finite dimensional subcoalgebra Co C C, i.e. 
the diagram 

M M <g> C 



M^-M® C 

commutes. Furthermore Mi := AM is a C -comodule contained in 
M, since M is a dimodule, and f : P — > M obviously factors through 
Mi. Since M and M x are dimodules the diagram 

Hom A (.P, .Mi) Hom A (.P, .M 1 <g> C ) ^- Hom A (.P, .Mi) <g> C 



Hom A (.P, .M) — Hom A (.P, .M ® C) Hom A (.P, .M) <g> C 

commutes, so each / has a uniquely defined image G Hom A (.P, .M)<g) 
C. Now it is easy to check that this map induces a comodule structure 
on Hom A (P,M). □ 

The second observation is the following. We consider /c-algebras 
A and P. Let a : P — > A be an algebra homomorphism. a in- 
duces an underlying functor V a : A-Mod — > P-Mod with right adjoint 
Rom B (A,-) : P-Mod — * A-Mod. If a : P — * A is surjective then 
Hom B (A, M) — > Hom B (P, M) = M is injective, so that we can iden- 
tify Hom B (A, M) = {me M|Ker(a)m = 0}. 

Let B n be the Artin braid group with generators Ti, i — 1, . . . ,n— 1 
and relations 

TiTj = TjTi if |i - j\ > 2; ^ 

T~iTi + iTi = Ti+iTiTi+i. 

Let C G be invertible. Then kB n 3 Ti i— > £rj G /cP„ (for the generators 
7* of P„) is an algebra automorphism denoted again by ( : fcP n — ► AP> n - 
This holds true since the relations for B n are homogeneous. 

(Observe that this construction can be performed for every group 
algebra if the group is given by generators and homogeneous relations. 
The given construction of an automorphism for every £ G U(k) defines 
a group homomorphism U(k) — > Aut(/cP n ) — > Aut(A;P„-Mod).) 

Now consider the canonical quotient homomorphism P n — > S n from 
the braid group onto the symmetric group. It induces a surjective 
homomorphism 7 : kB n — > kS n with kernel 

Ker( 7 ) = (^(7-? - l)(p\(p,i/> G B n ,i = 1,... ,n- 1). 
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The composition a : kB n — > kB n — > kS n defines a functor kB n -Mod 
— »• kS n -Mod by 

M(C): =Hom fcB „( c A;S , n ,M) 

= {m G M\p~ l T 2 p{m) = ( 2 m Vip G B n , i = 1,... , n - 1}. 
= {m G M\r 2 p{m) = ( 2 ip(m) Vip e B n , i = 1, . . . , n - 1 J2) 

This holds since the map 7 : A;S n — ► has as kernel the two- 
sided ideal generated as a A;-subspace by {^>(r 2 — l)cp \ip,(p G B n ,i = 
1,... ,ra- 1}. So / G Hom fcBn ( c £;S n ,M) with /(l) = m G M, iff 
— l)<£>)m = for all ip, </?, i, iff C _1 ( r ? ~~ l)y?m = for all tp, i, 
iff rfprn = ( 2 pm for all p, i, iff p~ 1 r 2 (p(m) = ( 2 m for all p, i. 

If the action of B n on M is given by an action of S n and the canonical 
epimorphism B n — > £„, then the construction of the M(£) becomes 
trivial, since M(() = {m G M\r 2 p(m) = ( 2 <p(m) = ip(m)} = if 
C 2 ^ 1 and M(-l) = M(l) = M. Observe that the module M(() 
depends only on ( 2 , but that the action of kS n on M(() depends on (. 

M(l) gives a solution of the following universal problem. 

Proposition 2.2. For every kB n -module M the subspace 

M(l) := {m G M\p~ l T 2 p(m) = m Vtp G B n , i = 1, . . . , n - 1} 

a kS n -module and the inclusion M(l) — > M is a kB n -module ho- 
momorphism, such that for every kS n -module T and every kB n -module 
homomorphism f : T — > M there is a unique kS n -module homomor- 
phism g : T — > M(l) such that the diagram 

T 

9 

M(l) L - -M 

commutes. 

Definition 2.3. We call the functor -(C) : kB n -Mod — > A;,S n -Mod the 
(-symmetrization of kB n -modu\es. 

The definition gives 

M(C) = {me M^^rfpim) = ( 2 m V<p G B n , i = 1, . . . , n - 1}. 

The action of £>„ on M(£) is given by 

Oi(m) = C _1 ^(m), (3) 

where <7j resp. are the canonical generators of S n resp. 5 n . Thus 
M(C) is also a /c.B n -submodule of M. Since the functor M 1— > M(£) 
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is a rightadjoint functor, it preserves limits. Like for eigenspaces we 
have that the sum of the subspaces M(() for all ( with different ( 2 is 
a direct sum. On M(() we have two distinct /cS^-structures <7j(m) = 
— C _1 Tj(m) and <Ji = ^ _1 Ti(m), since ( and — ( define the same subspace 
M(C) = M(-C) CM. 

The C-symmetrization M(() of M can also be calculated by 

Lemma 2.4. 

M(C) = {m G Mlrr 1 ^ . . . r^rjVa . . . n+Mm) = C 2 m VI < % < j < 

which reduces the number of conditions to be imposed on the m G M 
in order to be in M(Q. 

Proof. Given in Appendix. □ 

One of the interesting fcS n -structures, for which we will apply the 
previous construction, occurs on ra-fold tensor products M n := M ® 
. . .®M of an object M in a braided monoidal category of vector spaces. 

Let K be a Hopf algebra. Let M be an .fT-module such that M is 
a /c5 n -i^-bimodule. The functoriality of our construction then makes 
M(() again an i^-module and in fact a kS n -K-bimodule. 

Let M be an .fT-comodule such that M is a /cS n -i^-dimodule. Then 
by Proposition [2.1| M(() is an K-comodule and in fact a kS n -K- 
dimodule. 

Let K be a Hopf algebra with bijective antipode. Let yV^ denote 
the category of Yetter-Drinfeld modules over K, i.e. of right i^-modules 
and right i^-comodules M such that YJ(x ' ^)o ® (% ■ h)i = J2{xo • 
h 2 ) ® S(hi)xih 3 for all x G M. The usual tensor product makes yV^ 
a monoidal category. yV^ has a braiding given by tx.y : X ®Y 
— > Y <g> X, t(x ® y) = J2yo ® a^/i- We assume that the reader is 
familiar with the properties of the _B n -action that is induced by the 
braiding r on n-fold tensor products (Q 10.6). 

Theorem 2.5. Let K be a Hopf algebra with bijective antipode. Then 
for each ( G k* and each n > 2 the construction given above defines a 
(non-additive) functor 

yv« 9Mh(M8...®m)(()£ yv%. 

Proof. If M G 3^|r then the n-fold tensor product M ... M is 
a Yetter-Drinfeld module on which B n and thus kB n acts in such a 
way, that M is a (kB n , if)-bimodule and a (/cB n , if)-dimodule. The (- 
symmetrization functor -(£) preserves the module and comodule struc- 
tures hence the Yetter-Drinfeld structure. 

The functor is not additive since the "diagonal" functor M i— > M®M 
is not additive. □ 
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We abbreviate M n (() : = M® n (C) = M ® . . . ® M((). Then M n (() 
is a submodule of M n in the category of Yetter-Drinfeld modules and 
the elements in M n (() are of the form z = J2k x k,i <S> ■ ■ ■ <S> Xk, n - We 
often suppress the summation index and summation sign and simply 
write z = z 1 ® . . . <g> z n G M n (() although M n (() does not decompose 
into a tensor product. 

3. Symmetric Multiplication and Jacobi Identities 

For the rest of the paper let C be the category of Yetter-Drinfeld 
modules over a Hopf algebra K with bijective antipode over a field k. 
We study objects P £ C together with (partially defined) operations in 
C 

[.,.]:P®...®P(C) = P B (0 — P 
for all n G N and all primitive n-th roots of unity (. 

Occasionally we write [., .]„ for such an operation [., .]. By composing 
such operations certain additional operations may be constructed as 
follows. 

Proposition 3.1. Let ( be a primitive n-th roots of unity. Then the 
operations 

[.,[.,. }nh ■ P H+1 (0 3 Xl ® ■ ■ ■ ® Xn+1 >-> [X U [X 2 ,... , X n+1 }\ G P 

and 

[[., .]„, .] 2 : ^^(C) ^ x x ® x n+1 ^ [[x u . . . ; Xn\ , X n -)-l] G P 

are well defined. 

Proof. Given in Appendix. □ 

We will have to consider objects 
P" +1 (-1,C) := P®P n (()n{z G P n+1 |Vv? G S n : (l^)" 1 ^!^) (z) = z}. 

Since this is a kernel (limit) construction in C, P™ +1 (— 1, () is again an 
object in C. 

Proposition 3.2. Let ( be a primitive n-th roots of unity. Then the 
operations 

[., [., .] n ] 2 : P" +1 (-l, C) 3 x <g> Vl ® . . . ® y n hh. [x, \y u ... , y n }} G P 
and 

[.,[., .] 2 , .]„Ti_i . . . Ti : P n+1 (-1, C) 3 x®yi(8). . .<g>j/ n ^ . . . , [ x , yi], . . . , y n \ G P 
are we// defined. 

Proof. Given in Appendix. □ 
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We introduce special bracket multiplications which then lead to the 
definition of a Lie algebra on a Yetter-Drinfeld module. 

Definition 3.3. Let A be an algebra in C = yV% and let V n : A ® 
. . . ® A — > A denote the n-fold multiplication. We define a bracket or 
symmetric multiplication 

[.,.]: A"(C) — by [s]:=£W(s) 

where the action of 5* n on A n (£) is given as in (|3|). 

We will only use those bracket operations which are defined with £ 
a primitive n-th root of unity (for all n G N and all Q. 

We consider these bracket operations as a generalization of the Lie- 
bracket [-,-] : Lx L — > L or [-] : L®L — > L. Observe that our bracket 
operation is only partially defined and should not be considered as a 
multilinear operation, since A n (() C A n is just a submodule in C and 
does not necessarily decompose into an n-fold tensor product. The 
elements in A n (() are, however, of the form z = J2k x k,i <8> • • • <8> Xk,n- 

If we suppress the summation index and the summation sign then 
we may write the bracket operation on z = X\ <S> . . . <8> x n also as [z] = 
[#!,... , x n ]. If we define 

a(z) =: x CT -i ( i) ® . . . <g> x CT -i (n) (4) 

then we get 

[Xx, . . . , X n ] ^ ' 2'cr(l) • • • *£cr(n) ■ 
o"GS n 

Observe that the components xi, . . . ,x n in this expression are inter- 
changed according to the action of the braid group resp. the symmetric 
group on A n ((), so x CT (i) <g> . . . <g> x a ( n ) is on ly a symbolic expression. 

The bracket operation obviously satisfies the "anti" -symmetry iden- 
tity 

[a{z)\ = [z] Va G S n . (5) 

We apply Proposition [3.1| to an algebra A in C with the operations 
given in Definition |3.3| and get 

Theorem 3.4. (1. Jacobi identity) For all n G N, for all primitive 
n-th roots of unity (, and for all z G A n+1 (() we have 

n+l ra+1 

[xi, ... ,Xi, . . . ,x n+ i]] = [., .]„] 2 (1 . . = 0, 

i=i i=i (6) 

where we use the notation 
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Proof. We define (S n+1 ) {i ) := {a G S n+1 \a(i) = 1}. Then S n+1 = 
U^Sn+i)®. For a G (S n+ i)^) let p := a(i . . . 1). Since p(l) = 1 there is 
a unique p G with p = 1 g) p and cr = (1 (g> p)(l . . . z). So we obtain 
a bijection 

S n 3 p ^ (1 ® p)(l . . . i) G (iSn+i)^). 

Analogously we define (S n+ i)^ := {a G S' n+ i|cr(i) = n + 1} and get a 
bijection 

S n 3p^(^l)(n + l...i)e ($h-i) W - 

Now observe that r n . . . t±(z) = C n °~n ■ ■ ■ o~i(z) = (n + 1 . . .l)(z) (by 
( n = 1) for z G P" +1 (C) to get 

E?=i [.,[.,.]](1... = 

= E?=i V(l ® [., .])(1 . . . i){z) - V([., .] ® l)r n . . . n(l . . . i){z) 
= E?=i V(l ® [., .])(1 . . . i){z) - V([., .] ® l)(n + 1 . . . <)(z) 
= E?=i E PG 5„ V™ +1 (1 ® p) (1 . . . i) (z) - V" +1 (p ® 1) (n + 1 . . . i) (z) 
= £, e s„ +1 V n + l o{z) - V n+1 a(z) = 0. 

□ 

Theorem 3.5. (2. Jacobi identity) For all n G N, /or a// primitive 
n-th roots of unity (, and for all z = x ® y\ ® . . . ® y n G v4 n+1 (— 1, £) 
we nave 

n 

[a, [yi, • • • > S/n]] = • • ■ , [x, yi], • • ■ , 2/n] (7) 

1=1 

where y\ ® . . . <g> ® x ® yi ® . . . ® y n := rj_i . . . Tx(z) and 

[?/!,... , 3/<_i, [ar,j/<],... ,y n ] = [•,[•> -la, -In^-i ••• (8) 
Proof. The equation in the Theorem can also be written as 

[•> [•> -InR*) = -] 2 , .] n 7i-l • • • n{z). 

t=l 

Lemma |8.1| together with <p(z) = j shows 

V n <p(l ® . . . ® V ® . . . ® l)ri_i . . . ri(z) 

= V"(l ® . . . ® V ® . . . ® lV^Ti-i . . . rx(z) 

= v n+1 T H '-^i(i®¥')W; 

V n <p(l ® . . . ® V (g) . . . ® l)ri . . . ri(^) 

= V"(l ® . . . ® V ® . . . ® l)^(i)Ti . . . TiO) 

= V n+1 r J ...r 1 (l®^)(^); 
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hence 

VV(1 ® . . . ® V ® . . . ® l)rj_i . . . 7-1(2) 

= V n+1 r fe _ 1 ...r 1 (l®^)(^) 

= V"+V..Ti(l®V?)(>) /qx 

= w(i ® . . . ® V ® . . . ® l)^- . . . n(z). { f 

for all i,j = 1, . . . , n with (p{i) = (p{j) + 1, i.e. for all i except </?~ 1 (l) 
and all j except y5 _1 (n). The other z's and j's used in (|) are in bijective 
correspondence. 

To prove the equation of the theorem we write each o G S n as ( r (p 
with a representative ip E B n and a suitable power £ r according to (|3]) 
and use @. Then we get 

Er=i[-,[-,-]2,.]nr J - 1 ...r 1 (^) = 

= EJLJ., -]n(l ® • • ■ ® (V - Vr) ® . . . ® l)r»_i . . .ri(^) = 
= Ef=i E, e s„ V"C>(1 ® . . . ® V ® . . . ® l)ri_! . . . 7i(*) 

- E -U E, e s„ V"C>(1 ® • • • ® V ® . . . ® l)^! . . . n(z) 

= E. e s„ V" +1 (l ® CV)0) - Eo-esv, V" +1 r n . . . n (l ® C»0) 
= E. e s„ V^ +1 (l ® CV) W - E CTeSn V" +1 (CV ® l)r n • • • ri 0) 
= V(l ® Z«es n V n cr)(z) - V(E, e s„ VV ® l)rp,pn(^) 
= (V-Vr)(l®[.,.] n )(» 

= [-,[., •]»]*(*)■ 

□ 

Clearly there are symmetric right sided identities. 

4. Lie Algebras on Yetter-Drinfeld Modules 

Now we can define the notion of a Lie algebra in the category of 
Yetter-Drinfeld modules. 

Definition 4.1. A Yetter-Drinfeld module P together with operations 
in yD% 

[.,.]:P®...®P(C) = P n (C)^P 
for all n G N and all primitive n-th roots of unity ( is called a Lie 
algebra if the following identities hold: 

1. for all n G N, for all primitive n-th roots of unity £, for all a G S n , 
and for all z G P n (C) 

N = [*(*)], 

2. for all n G N, for all primitive n-th roots of unity (, and for all 

z G P" +1 (C) 

n+1 n+1 

53 [2*, frlj • • • ,Xn+l]] = 53t-» [■' • • ^)( Z ) = °' 

8=1 1=1 
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where we use the notation (|), 
3. for all n G N, for all primitive n-th roots of unity £, and for all 

z = x®yi®...®y n E P n+1 (— 1, () we have 

n 

[X, [Vl,... ,Vn]] =J2iV^--- A X ^Vi]^-- ,Vn] 
i=l 

where we use the notation (§). 

Corollary 4.2. Let A be an algebra in yT>^. Then A carries the 
structure of a Lie algebra A L with the symmetric multiplications 

[-}:A n (C)^A by [z]:=£W(z). 

cr£Sn 

for all n 6N and all roots of unity £ G k*. 

Proof. This is a rephrasing of the "anti" -symmetry identity (|^) and the 
Jacobi identities (|6|) and (|7|) in Theorems [D| and [T5| □ 

5. The Lie Algebra of Primitive Elements 

Let A be an algebra in C = yT>^. Then A® A is an algebra with the 

multiplication A® A® A® A 1 ^ 1 A® A® A® A ^ A® A. Let p : A 
— > A ® A be the map p(x) := x ® 1 + 1 ® x. Then p(= 1 ® rj + rj ® 1) 
is in C but p is not an algebra morphism. Let p n : A n — > (A ® A) n be 
the n-fold tensor product of p with itself. 

Lemma 5.1. Let H be a Hopf algebra in C. Then P{H) := {x G 
H\A(x) = x®l + l®x} is a Yetter-Drinfeld submodule of H in C. 

Proof. P(H) = Ker(A - p). □ 

In particular we have 5(x) G P{H) ® K and xX G P{H) for all 
x G P(H) and all A G K. 

Lemma 5.2. p n (A n (Q) C (A® A) n (C). 

Proo/. By Theorem |]5| p : A — * A ® A induces p n : A n (() — > (A ® 
A)»(Q- ' □ 

Theorem 5.3. Let ( be a primitive n-th root of unity and let z G 
A n ((). Then 

[p n (z)]=p([z}). 

Proof. If z = J2k x k,i ® ■ ■ ■ ® Xk,n G A n (() then the equation of the 
theorem reads as 

[EfcO%l ® 1 + 1 ® x k ,i) ® . . . ® (x k , n ® 1 + 1 ® x k , n )] = 

[Eft %k,l ® ■■■® X kin \ ® 1 + 1 ® [Eft £fc,l ® • • • ® Xk,n] ■ qqn 
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We want to evaluate 

[Y,k( x k,i ® 1 + 1 ® x k>1 ) ® . . . ® (% jn ® 1 + 1 ® a; fc)n )] 

= Eae5„ V n cx(Ei(a:fc,i ® 1 + 1 ® a^i) ® . . . ® (z fc>n ® 1 + 1 ® x fcjn )) 

where a E S n operates on p n (z) E (A ® ^4) n (C) as described in section 



Let x,y E A and r(x ® y) = Y*i u i® v i- Then (1 ® x) • (y ® 1) = 
(V®V)(Eil®«i®^®l) = EiUi®Vi = r{x®y) = Ei(«i®l)'(l®«<)- 
So we have 



We expand a product (xi ® 1 + 1 ® xi) • . . . ■ [x n 1 + 1® x n ). It 
produces after multiplication 2 n summands, each a product of n terms. 
A typical product is (x\ ® 1)(1 ® X2){x 3 ® 1) . . . , some of the factors 
being of the form Xj ® 1, the others of the form 1 ® Xj. To evaluate 
such a product we use the rule of multiplication in A ® A given by 
(V® V)(l®T® 1). 

To explain the following calculation we consider as an example the 
product (xi ® 1)(1 ® x 2 )(x 3 ® 1)(1 ® x 4 )(a;5 ® 1). It is calculated with 
the following braid diagram 



The second and fourth factors are pulled over to the right and then all 
factors are multiplied according to fllT]). Thus we have (xi ® 1)(1 ® 
^2)^3® l)(l®x 4 )(a;5® 1) = (V 3 ®V 2 )(^(a;i®a;2®X3(g)a;4®X5), where 
V 9 = r 3 r 4 r 2 as defined by the given braid diagram. 

We prove now by induction on n that for every product {x\ ® 1)(1 ® 
^2) (#3 ® 1) • • • with % factors of the form Xj ® 1 and n — i factors of the 
form 1 ® Xj there is an element ip E B n such that 

(xt ® 1)(1 ® x 2 )(x 3 ® 1) . . . = (V 1 ® V n ^)^{xi ® . . . ® x n ). 

Furthermore if t denotes the number of pairs of factors f\ , / 2 i n the 
product (x\ ® 1)(1 ®x 2 )(x 3 ® 1) • • • where f\ is to the left of f 2 , /1 is of 
the form (1 <g> xj) and / 2 is of the form (xj ® 1), or briefly the number 
of factors in reverse position, then (p is composed of t generators Tj of 
B n . Observe that <p and the number t are uniquely determined by the 



(x ® l)(y® 1) 
(x® l)(l®y) 
(1® z)(l<g> y) 
(1® x)(y® 1) 



(xy ® 1), 
(x®y), 
(1 ®xy), 
r(x ® y). 



(11) 
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properties of the multiplication of A® A and the braid group B n , which 
has homogeneous relations. 

For n = 1 we have the trivial cases x ® 1 = (V 1 <8> V°)(a;) and 
1 <S> x — (V° <S> V 1 )(x), where V 1 = id and V° = 1. For the induction 
nothing is to be proved if i = n or i = 0. In these cases we have t — 0. 

We assume now that the claim is true for n. The induction step for 
i 7^ 0, n + 1 is given by 

(xi <g> 1) -(1 <g> x 2 ) • (a* ® 1) • • • • • (1 <8> Xn+i) = 

= {(V* <g> V n -')^(xi ® ... (8) x n )} • (1 <g> x n+ i) 

= {(V* <8> V"- J ) EfcK.l <8> . . . <8> Mfc,n)} • (1 <8> X n+ i) 
= (Efc «fc,l • • • • • «fc,i ® Wfc,i+l • • • • • Wfc, n ) • (1 ® ^n+l) 

= Efc(«fc,l ® 1) • ■ ■ ■ • («fc,< ® 1) • (1 <8> Wfc,i+l) • • • • • (1 ® «fc,n) • (1 ® X n+ i) 
= (V* <g> V n ~ m ) Efc(«fc,l ® • • • ® u Kn ® X n+ i) 

= (V* <g> V n ~ m )(y? ® l)(zi <g> . . . <g> Xn+i) 

where t, the number of factors in reverse position, does not change, 
neither does the number of generators used in the representation of 
<p (g) 1. The second possibility is 

(xi <8> 1) -(1 <g> x 2 ) • (x 3 <8) 1) • ■ ■ ■ • (x n +i ® 1) 

= {(V i <g> V n -^(ii <8> . . . <8> x n )} • {x n+1 <g> 1) 

= (Efc «fc,l • • • • • M /M ® Wfc,i+1 • • • • • «fc,n) ' ® X ) 

= (Efc «fc,l • • • • • «fc,» ® Ufc.i+1 • • • • • «fc,n-l) ' ( X ® M M) ' (^n+l ® 1) 



• «fc,i ® • • • • • «fc,n-l) • (Vk,n <8> 1) • (1 <8> Ufe,n+l) 

l_1 )p(Efc «fc,l ® • • • <8> Wfc,n-1 ® Ufc,n) • (1 ® «fc,n+l) 
® l)(Efe «k,l ® • • • <S> Ufc, n -1 <g> V k , n <g> V k , n +l) 
<g> ^(l"- 1 <g> r)(p <g> l)(xi <g> . . . <g> X n+ i). 

where <p(zi <8> . . . <8> x„) = Efc Uk,i <%>■■■<%> u k>n , r(u Kn <g> x n+1 ) = E v k , n <S> 
v k , n +i, and (l™" 1 <8> T)(ip <8> l)(x 1 <8> . . . <8> x n <g> x n+1 ) = T,k u k,i <8> • • • <8> 
Uk,n-i <8> v k,n <E> Vk, n +i- We determine the number t{jp) of generators 
Ti occurring in ip — (p <g> ^(l™" 1 ® t)(<P <8) 1). We have by induction 
t(ip) = t n the number of factors in (xi <8> 1) • (1 ® rr 2 ) • (#3 ® 1) • . . . in 
reverse position. Also we have t n+ i = t n +(n — i) the number of factors 
in (xi <S> 1) • (1 <S> X2) ■ {xz ® 1) • . . . • (x n+ i <8> 1) in reverse position. Then 
t(i>) = t((p®l)(l"- 1 ®r)( V 9®l)) = t(p®l)+t(l"- 1 ®r)+t( V 9®l) = 
(n - i - 1) + 1 +t n = t n+i . 
If we sum up we obtain 

(xi<g>l + l<g>a;i)-. . .-(x n ®l + l®x n ) ='%2'52(V i ®V n ~ i )(pi(x 1 ®. . .®x n ), 

i fi 

for certain ifii G B n which arise in the evaluation given above. 



= (EfcWfc,i • • • 
= (V i+1 ® V" 
= (V i+1 ® V" 
= (V i+1 ® V" 
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Now let z G A n ((). We expand the products in V n p n z = J2k( x k,i ® 
1 + 1 ® Xk,\) • . . . • (xfc, n Cg) 1 + 1 ® £fe, n )- Each of these products in the 
sum is treated in the same way as described above. Using ([3D we get 

V n p n (z) = Ek(x k ,i ® 1 + 1 ® arjfc.0 • • • • • (x k ,n ® 1 + 1 ® a*, n ) 
= Efc E< E Vl (V i ® V n ~* ® . . . ® x M ) 
= EiE w (V i ®V n - < )^) 
= E,E^(V i ®V"- l )r' fe) A(^) 

where pi G 5 n are the canonical images of the ipi G B n and i(^) is the 
number of factors Tj in the representation of (pi. 
This gives us 

\p n (z)} =E (r6Sn V>V(*) 

= E. E, E w C-^^V* <g> V"" 1 )p^(^) 
= E CT Ei ( E w C~* fe) ) (V* ® V n ->(*) 
= E l c l (V l ®V"^)E^W 

where the factors q = E Vi C G fc. We want to show that the Cj 
are zero for all < z < n. 

So fix n and i. Consider one product (x x (g>l) ■ (1 cg>x 2 ) • (x 3 ® 1) ■ . . . in 
the development of (xi^l + l^x^ ■ . . . ■ (x n ®l + l®x n ) = EiE^V 1 ® 
V"~ l )v9j(xi®. . .®x n ) and its corresponding </?j. The chosen summand is 
completely determined by giving the positions in {1, . . . , n} of the n — i 
factors of the form (1 ® Xj). The first of these factors has Ax factors 
of the form (xj ® 1) to its right with < Ai < i. So it contributes 
Ai pairs of factors in reverse position. The second factor of the form 
(l®Xj) contributes A2 (with < A2 < Ai < i) pairs of factors in reverse 
position, and so on. We obtain t = Ai + A2 + . . . + \ n -i pairs in reverse 
position. If we know the A, with < A„_j < . . . < A2 < Ai < i then 
they also determine uniquely the position of the factors of the form 
(1 ® Xj). Each partition of t = X\ + A 2 + . . . + A n _« into (at most) 
n — i parts each < i gives one term in q = E Vi C and we find 
p(i, n — i,t) partitions of t into at most n — i parts each < i. So we get 

By a theorem of Sylvester (|TJ Theorem 3.1) we have 

(l-g")(l-g"-l),,,(l-g"-W) 
> P(l,n — l,t)q = ; rr^ — ; r 

hence q = for < i < n since ( and also £ _1 are primitive n-th roots 
of unity. 
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So we have shown 

\p n (z)} = Eaes n V>V(^) 

= E i c i (V i ®V^ i )Ea^) 

= Ea V n a{z) ® 1 + 1 ® V n a(z) 
= p[z\. 

□ 

Corollary 5.4. Let H be a Hopf algebra in C. Then the set of primi- 
tive elements P{H) forms a Lie algebra in C. 

Proof. By Lemma |5Tl| P{H) is a Yetter-Drinfeld submodule of H. Let 
z G P(H) n ((). Then p([z\) = \p n {z)} = [A n (z)} = A([z\) since A 
is an algebra homomorphism. Hence [z] G P{H). So P{H) is a Lie 
subalgebra of H L . □ 

Definition 5.5. Let A be an algebra in C and let end(A) be the inner 
endomorphism object of A in C, i.e. the Yetter- Drinfeld module end(A) 
satisfying C(X <g> A, A) = C(X, end(A)) for all X eC. It can be shown 
that 

end(A) := {/ G Hom(A, A)|3 E f(o) ® /(i) e Hom(A, A) <g> KVa G A : 

E /(o) (a) <S> /(i) = E/(a(o))(o) ® f( a (o))(i)S( a 

is the Yetter-Drinfeld module with the required universal property. 
end(v4) operates on A by a canonical map ev : end(A) (g) A — > A 
with ev(/ (g) a) = /(a). 

A derivation from A to A is a linear map (d : A — > A) G end(A) 
such that 

d(ab) = d(a)b + (1 ® d)(r ® o ® 6) 

for all a, 6 G A. Observe that in the symmetric situation this means 
G?(afo) = d(a)& + ad(b). 

It is clear that all derivations from A to A form an object Der(A) in 
C and that there is an operation Der(A) ® A — > A. 

Corollary 5.6. Der(A) is a Lie algebra. 

Proof. Let m denote the multiplication of A. An endomorphism x : 
A — > A in end(A) is a derivation iff m(x <8> 1 + 1 <S> a?) = where 
(x ® y) (a ® 6) = (ev <8> ev) (1 ® r <g> 1) (x ® y <E> a <8> &) for elements a and 
6 in A and elements x and y in end (A). So x G end (A) is a derivation 
iff mp(x) = xm. 

To show that Der(A) is a Lie algebra it suffices to show that it is 
closed under Lie multiplication since it is a subobject of end(A), which 
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is an algebra in the category C. Let ( be a primitive n-th root of unity. 
Let V : end(A) ® end(A) — ► end(A) be the multiplication of end(A). 

If xi,X2 G Der(A) then mp{x\)p{x2) = X\mp(x2) = x\X2Vii or more 
generally m{V n p n )(x\ ® . . . ® x n ) = V n (xi ® . . . ® x n )m for all x\ ® 
. . . ® x n G Der(y4)". Thus we get for z G Der(v4)"(C) 

mp([z\)= m[p n (z)} = £m(W(jo n (;z))) 

= E m(V n p n a(z)) = E V"a(^)m = [z]m 

hence [2] G Der(y4). □ 

6. The Universal Enveloping Algebra of a Lie Algebra 

As in H we can now construct the universal enveloping algebra of a 
Lie algebra P in C as U (P) := T(P) / 1 where T(P) is the tensor algebra 
over P, which lives again in C, and where I is the ideal generated by the 
relations [z] — W(;z) for all z G P n ((), for all n and for all primitive 
n-th roots of unity (. Then U(P) clearly is a universal solution for the 
following universal problem 

P L - »U(P) 

9 

A 

where for each morphism of Lie-algebras / there is a unique morphism 
of algebras g such that the diagram commutes. 

Theorem 6.1. Let P be a Lie algebra in C. Then the universal en- 
veloping algebra U(P) is a Hopf algebra in C. 

Proof. It is easily seen that 5 : P — * (U (P) ® U (P)) L in M kG given by 
5(x) :=x®l + l®x where x is the canonical image of x G P in U(P) 
and the counit e : U (P) — ► k given by the zero morphism : P — > k 
define the structure of a bialgebra on U(P) in C. 

Now we want to define S : U(P) — > U(P) op+ by the Lie homomor- 
phism S : P — ► U(P) op+ , S(x) = —x. Here A op+ is the algebra ob- 

T V 

tained from the algebra A by the multiplication A® A — > A® A — ► A. 
Then for z G P n (() we have 

S([z}) = -\z\ = - E CT V n <r(z) = -E ff V"7T7r-V(z) 

= -£ CT (V T7r-V(^) (by (3)) = -Y^iy^TC^p- 1 ^) 

= -C-^[z} = (-ir[z} = [s^z)} 

where ir G B n is the braid map given by the twist of all n strands with 
source {1, . . . , n} and domain {n, ... , 1}, n = (ti) . . . (r n _ 2 • • • T~2 T i)( T n-i 
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and 



Hence S is a Lie homomorphism and factorizes through U(P). Since 
U (P) is generated as an algebra by P we prove that S is the antipode 
by complete induction: 

V(1®5)A(1) = 15(1) = l = e(l), 

V(l ® S)A(x) = x + S(x) = = e(x). 

Before we prove the general induction step we observe that A : U(P) 
— ► U(P) ® U(P) is a morphism in C = yT>^ so that we have in 
particular 

^(a°)i®(a ) 2 (8)a 1 = £>i)°<g> M ® (ai) 1 ^) 1 e U{P)®U{P)®K 

for a G U(P). (Here we use 5(a) = YJa° ® a- 1 to denote the comodule 
structure in y~D^.) Assume now that a is writte as a product of n > 
1 elements in P and that Y^ a iS{a2) = 0. Then for all x G P we 
have E(ai)°5((a2) )5(^(ai) 1 (Q2 ) 1 ) = E(a°) 1 S((a°) 2 )S(xa 1 ) = since 
S( a ) = y> <g>a 1 GP®...®P® J Frc [/(P) ® So we have 

V(l ® S)A(xa) = V(l ® 5) £(;rai ® a 2 + (oi)° ® (x(oi) 1 )a 2 ) 
= E^Oi5'(a2) + J2(ai)°S((x(ai) 1 )a 2 ) 
= E(ai)°S((a 2 )°)5(x(a 1 ) 1 (a 2 ) 1 ) = = rje(xa). 

The second condition V(S ® 1)A = 775 is proved in a similar way (by 
using elements of the form ax and the equation J2 S((aK)i)(aK)2 = 
for a written as a product of n elements in P and K G K). So S is an 
antipode and U (P) is a Hopf algebra in C. □ 



7. (G, x) Lie algebras 

In we introduced and studied the concept of G-graded Lie alge- 
bras or (G, x)-Lie algebras for an abelian group G with a bicharacter 
X generalizing the concepts of Lie algebras, Lie super algebras, and 
Lie color algebras. The reader may find examples of such (G, x)-Lie 
algebras in ||. A generalization of this concept of Lie algebras to 
the group graded case for a noncommutative group requires the use of 
Yetter-Drinfeld modules over kG. We show that (G, x)-Lie algebras 
are Lie algebras on Yetter-Drinfeld modules in the sense of this paper. 
We use the notation of [[J. 

Let G be an abelian group with a bicharacter x '■ G Cg>z G — > k*. Let 
P be a fcG-comodule. Then P is a Yetter-Drinfeld module over kG Q 
with the module structure x ■ g = x{h, g)x for homogeneous elements 
x = Xh G M with 8(x) = x ® h. The braid map is r(xh <8> y g ) = 
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y g ®Xh-g = x(h, g)y g ®Xh, hence the braiding given in after Example 
2.3. 

Let C e k* be given. Let (5-1, ... , g n ) be a (-family, i.e. xO, 9j)x(9j, 9i) = 
C 2 . LetQ:=£ CTeSn P 5CT(1) ®...®P Mn) . 

Lemma 7.1. Q is a right S n -module by 

(Xx ® . . . <g) £ n )<7 = p(cr, (pi, . . . , £n))£<r(l) ® • • • ® ^cr(n) 

for a E S n and Xi <g) . . . ® x n E P gi <g) . . . <g) P 9n . 

Proof. We have to show the compatibility of this operation with the 
composition of permutations. Let a,r E S n . We use Lemma 2.2 of ||. 
Then 

(a?i®. • • <E> ^„)(crr) = 

= p(ar, ((/!, . . . , # n ))x CTr (i) ® . . . ® x CTT(n) 

= P(0", (fll, • • • , 9n))p(r, (g a (l), • • • , S , cr(n)))^r(l) ® • • • ® 2W(n) 
= (<7l, • • • , 9n))x a (l) ® . . . ® Z«r(n))*r 

= ((xi (8) . . . ® x n )a)r. 

□ 

Q becomes a left S^-module by <r(xi®. . .<g>x n ) = p(cr _1 , (<7i, . . . , g n )) x a- 1 (i) ( - 
. . . g> av-i( n ). Thus {(gij ... i9n) {-family} p m ® • • • ® P <m is also a left Sn- 
module. 

This action is connected with the action of B n on 0{( Sl 9n ) £_ family} Pgi® 
...®P 9n hy 

(~ 1 T i (x 1 <g . . . <g> X n ) = (Ji(Xl ® . . . ® X n ) (12) 

for the canonical generators T, of B n resp. <7j of since 

C^V^Xi (g) . . . <g> X n ) = 

= C _1 x(^i> S'i+O^l <8> • • • <8> ^i+l ® Xi (g . . . <g X n 
= POi~\ {gi, ■ ■ ■ , 9n))X a7 i {1) (g . . . ® X a -i (n) 
= 0-j( x l ® • ■ ■ ® ^n)- 

In particular we have 

rf V^i . . . T]~} x T$Tj-i . . . T i+1 T i (x 1 (g . . . <g ar n ) = 

= C 2 (^i ® ... ® X„), 
so that £1 (g . . . (g x n G P n (C) by Lemma |2.4| . Thus we have 

p si ®...®p 9 „cr((). 

{(si,...,s„) c-family} 
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Conversely let £ Xl ® . . . © x n G P n = 0{( 9l ,... , 9n) } Pn © • • • © f fln with 
homogeneous summands and assume that one of the summands is non- 
zero in P gi © . . . © P 9n where (<?i, . . . , g n ) is not a ('-family for example 
by X(9i, 9i+i)x(9i+i, 9i) C 2 - Then (if - C 2 )(E^i © • • • © x„) has a 
non-zero component in P gi © . . . ® P gn , hence £ Xi © . . . ® x n cannot 
be in P n (Q. This proves 

Proposition 7.2. Lei C, E k* be given. Then 

P n (0= P 9l ®...®p gn . 

{(gi,..., g„) C-family} 

By Lemma |7.1| and fll2l) the bracket multiplication of H is a special 
case of the bracket multiplication of this paper and (G, x)-Lie algebras 
are Lie algebras over Yetter-Drinfeld modules. 

Example 7.3. As a new example of Lie algebras we give one family of 
examples of (G, x)-Lie algebras. Let G = C 3 = {0, 1, 2} be the cyclic 
group with 3 elements. Define the structure of a right /cG-module on 
a /cG-comodule V (i.e. on a C 3 -graded vector space V — Vq © V\ © V 2 ) 
using the bicharacter x '■ C^®iC^ = C 3 — > fc*, 1) = £ a primitive 

3-rd root of unity, by u • g := x(deg(t>) © g)v = x(deg(t>), g)v for g G G 
and homogeneous elements u£K Then V is a Yetter-Drinfeld module. 

Let A := end(V) be the inner endomorphism object of V in fcG-comod. 
By Corollary [4.2| A is a Lie algebra. One verifies easily (see ||) that 
the only non-zero components A n (() for the partial Lie multiplication 
are 

A 2 {-1) = A © (At © A 2 ) © (A © Ax © A 2 ) © A 

and 

A 3 (£) = A x ® Ax® A x ® A 2 ® A 2 ® A 2 . 
Now let (.,.): V <S>V — > k be a bilinear form on in C. We define 

0(n := {/ e Ai|Vi;,u; G V,deg(t;) = j : (/(«),«;) = -x(i,.7>, 

This space is the homogeneous component of 0(V) C A that becomes 
a Yetter-Drinfeld module. 

For / G 0(V) O and g G 0(V)i, i G C 3 , u G V,-, wG^we have 

([/^](«),«;>= <(/</-<//)(«),«;> 

= (fg(v),w) - (gf(v),w) 

= x(i,j)(v,gf(w)) - x(iJ)(v,fg(w)) 

= -x(i,j)(v, [f,g](w)), 



hence [f,g] G 0(V)j. Analogously one shows [<?,/] G 0(V)j. 
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For k = 1, 2, 3 let f k G 0(V) 4 (i = 1 or i = 2). Then 

<[/l,/2,/3](u),w) = EaeS 3 (fa(l)fa(2)fa(3)(v),w) 

= -(v, [/i,/ 2 ,/ 3 ]H), 

hence [/i,/2,/3] G 0(V)o. Thus we have a Lie algebra 0(V). Depend- 
ing on the choice of the bilinear form this is a generalization of the 
orthogonal or the symplectic Lie algebra. 

8. Appendix 



Proof, of Lemma 2.4 



Define actions 7Tj j for 1 < i < j < n on M by 

Hj '■= T i rlr i+\ ■ ■ ■ T i-2 T i-i T j-2 ■ ■ ■ Ti+in (13) 

Observe that 71*^+1 = t%. Since TiTj = TjTi if \i — j\ > 2 a simple 
calculation gives 

TTjjTfc = TkTTij for all k < i — 1 and all > j, 

TTijTfe = TfriTij for all z < k < j — 1, (14) 
n i,j T j-i = Tj-i^ij-i if 2 < j — 1 and 

Let iV C M be a fc.B n submodule of M. Assume furthermore that 
T%T i+1 = r i+1 T? on N for all i = 1, . . . , n— 2. Then 7f +1 T, = t? = 7V7f +1 . 
Consequently we have 

rjV, = r^ 2 (15) 

on N for all i, j — 1, . . . , n — 1. Thus the r„ 2 commute with all p G _B n 
if they act on iV. 

We introduce the vector subspace M(() C M (£) C M by 



M(C) := {2 G M|V1 < z < j < n : < 7 -(z) = CM 



and show that M(£) is invariant under the action of the r, and t[t. i+1 = 
T i+ xrf on M(() for all z = 1, . . . , n — 2. 

For z G M(£) and i < j we have 7r?.Tfc(z) = T k n 2 j(z) = ( 2 r k (z) for 
all with 1 < < z — 1 and j < k < n by (0) and for all k with 
i < k < j — 1 by flTjj). Furthermore we have 7rf 3 -7i_i(;z) = T{-i7T 2 _i j(z) = 
C\-i(z) by (ID, tt^-iCz) = r^ml^^z) = C 2 Tj-i(z) (for i <j - 1) 
by (0), and ^r^z) = T^^z) = CVi(*) ( f ° r i = j-l)by ©• 
So there remain two cases to investigate for which we use 7ifj(z) = C 2 - 2 
and symmetrically ir^j(z) = (~ 2 z for all z G 
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In the first case we get 



7r t,j Ti \ z ) 



Ti 1 : • • r?_! . . . TiTiiz) =T i 1 .. .T?^ . . . r i+1 (C^) 
CV* • • -Tj-1 ■ ■ ■ T i+1 ( Z ) = CV^+IJ^) 

CV 1 (C^) = CV 1 rfW = C 2 r,(z) 



for % + 1 < j and Tif ^r^) = rf (z) = C 2 ^). 
In the second case we get 



KijTj(z) =T t r 1 ... r?_! . . . TiTj{£) = (\ 1 

= C^S 7 "^ • • • 7 f- 1 • • ■ ^ rl (^ 
= C • • • r i"-i T i T i-i • • • r *( ; 



7f_! . . . TiTjTj 2 (z) 



C 2 T,- \ 1 . . . 7. ;7.,7 ; 



2 -r- 1 
J 'J • • • •j'J-l'j 



Hence we have 7-3(2:) G M(£) for all z G M(£) and alH = 1, . . . , n— 1. 

The claim rfr^i = Tj+iT? is clear from the invariance and the fact, 
that rf on M(() is multiplication by ( 2 . 

Since the rf commute in their action on M(() with all tp G B n it is 
clear that M(C) C M{(). □ 



We now study specific braids. The following identity 




8 = 8 




implies 



t v 1 . . . r^rfrj-i . . . Ti = r< . . .t 2 t 2 t 2 1 ...r i 1 



(16) 



and similarly T\ . . . Ti-irfr^ . . . r x 1 = r ? - 1 . . . r 2 1 r 1 2 r 2 . . . t* for all i 
1,... ,n. 

Let S n 9 (/? 1 — > (/? G denote the canonical epimorphism. 
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For each braid cp G B n there exists a braid tp^ G B n+ i such that the 
diagram 



P 



P 2 ® . . . <g> P ■ 



P <g> . . . <g> P 2 
3 



P 



1 <g> 



f ® 1 



/ 



P® ... ®P 
P® ... <g)P 



commutes for all / : P 2 — > P in C (where j = <p(i))- The braid ipn) can 
be given explicitly, but we are only interested in the following special 
forms 

T j(i) = t j+i if J > z ; n-i(i) = 

T i(i) =T J ifj<« — 1; Ti(i)—TiT i+1 



which can be easily verified. 

By (H) we have for all z G P n+1 (-1, C) 



TiTi-x ...T 1 (z) = Ti-x ...Ti(z). 



;i7) 



Lemma 8.1. For z G P n+1 (— p E B n and j := <£>(i) we have 



(p(i)Ti-i. . -Tx(z) = Tj-i...Tx(l®(p)(z); 
(p(i)Ti ...Tx(z) =Tj ... 7i(l ® <£>)(»■ 



Proof. To prove this we first observe that these two relations are com- 
patible with the group structure of B n . For <pi>(i) = <p(j) = k we 
have 



<f(j)ip(i)Ti-x ■■■r 1 (z) = <P(j)Tj-x ■ ..Tx(l®ip)(z) = T k _ x . . . Ti(l ® <pif>)(z); 

iP(j)^(i)Ti ...Tx(z) = ip(j)Tj . . .Ti(l <g> lf)){z) = T fc . . .Ti(l <g) 
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so we only have to show these relations for the generators <p = Tj, 
j — 1 , . . . , n — 1 . In these cases we have 



TjQTi-t ...Ti{z) = T j+X Ti-i . . . n(z) 



Tj(i)Ti-i 



Ti-l{i)Ti-l ■ ■ - Tl{z) 



Ti(i)Ti-i . . . Tx(z) 



r i-l ■ ■ ■ T l T j+l( z ) 
Ti-x...T X {\ <8>Tj)(z) 

TjTi-i . . . n(z) 

T i -l...T j T j+1 T j ...T 1 (z) 
Ti-i . . . Tj + \TjTj + i . . . Ti(z) 
Ti-i . . . TiTj+i(z) 
Ti_i...Ti(l ®Tj)(z) 
TiTi-iTi-i . ..Ti(z) 

TiTi„ 2 ■ ■ ■ n(z) 

Ti-2 ■ ■ ■ TiTi(z) 

r i _ 2 ...ri(l®r i _ 1 )(z); 

TiT iJr xTi-\ . ..Tx(z) 
Ti . ..TxT i+1 (z) 
Ti...Tx(l ®Ti)(z); 



for j > i; 



for j < i — 1; 



= Tj. . 


.TxT j+1 {z) 




= n . . 


.Txil^T^z) 


for j > i 


= T 3 T i 


...Tx{z) 




= Ti.. 


■ r 3 T j+ xT 3 ...Tx(z) 




= Ti . . 


• r i+i r i r i+i • --nO) 




= Ti . . 


.TxT j+1 (z) 




= Ti . . 


■Tx(l®Tj)(z) 


for j < i 



7i_i( f )7i_i ■■■Tx{z) = TiTi-xTiTi-xTi-2 ■ ■ ■ Tx(z) 
= Ti-xTiT^xTi^ ■ ■■Tx{z) 
= Ti-xnn-2 ■ ■■Tx{z) 
= Ti-xTi-2 ■ ■■TxTi(z) 
= Ti-t ■ ..Tx{l <g> Ti-x)(z)\ 
Ti(i)Ti ...Tx{z) = TiT i+1 Ti . . . Tx(z) 

= T i+1 TiT i+ x . . . n(z) 
= T i+1 Ti . . .TxT i+1 (z) 
= T i+1 ...Tx(l(g) Ti)(z) 

where we used ( p!7|) in the 3. and 7. equations. 



□ 



Lemma 8.2. For all z 6 P n+1 (— 1, £) and all f : P 2 — > P we have 
(P i - 1 ®f®P n -%-x...T 1 (z)eP n ((). 
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Proof. For all <p G B n and all k — 1, . . . , n we have 

r fc V (P i_1 ® / ® P^n-i ...n(z) = 

= Tl{Pl~ l ® / ® F^-^Ti-x . . . Tx{z) 
= ® / ® P^T^T^ . . . n(l ® ^)( Z ) 



(i 3 



'J'-I 



/®P n -^)r i _ 1 ...r 1 (l®7f^)(z) 



hence (P 



i-l 



□ 



■ Then 



= ^(P*" 1 ® / ® P"- l )^-i • • • 

/^^...n^ gP"(C). 

Now we can give the 

Proof, of Proposition |3.1| : 

We first show that P n+1 (C) C P®(P n (C)) C P n+1 . Let 2 = Efc z fc>1 6 
. . . ® Zk,n+i be in P n+1 (Q with linearly independent z^i. Let (p, t% G P 
be given. Define 1 ® ip G P n +i resp. 1 ® T{ G P n +i by the operation of 
(p resp. n on the factors 2:^2 ® . . . ® Zk, n +ii e -g- 

E Zk,i ® </? _1 TiV(E z k:2 ® . . . ® zjfc in +i) = (1 ® y^ 1 ^) 0) 

= Efc ® C 2 E ^,2 

Since the z^x are linearly independent, the terms E z k,i ® ■ 
are in P n ((j hence 2 G P ® P n (C)- 

Now we show that a factorization as given in the following diagram 
exists 

? n+1 (() — L - — - P ® P n (C) 



1 ® [. 



z k,n+l 



P ® P. 



The morphism 1®[ 
ing r : P ® P n (C) 
the diagram 

P 



.] : P(g>P n (C) — * P®P is in C. Consider the braid- 
-> P n (C) <8> P- Since it is a natural transformation 



P n (0 



P n (0 



p® (P 



i 3 ) 



i 3 ) 



commutes with <p = r n . . . T\ = T(p,pn), so r(J2k z k,i ® (E ^,2 ® ■ ■ ■ ® 
z*, n +i)) = r n . . . n(Efc z k ,x ® z*,2 ® • • • ® z*, n +i)- Hence we get 



and similarly 



r(l® [.,.])(*) = ([.,.] ®l)r n ...n(z) 



r([.,.]®l)(z) = (l®[.,.])n...r ft (z) 



(19) 
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for z G P n+1 ((). This implies r 2 (l ® [., .])(z) = r([., .] ® l)r„ . . .TiO) = 
(l®[.,.])r 1 ...r„r B ...r 1 («) = (1 ® [., .])C 2 "(*) = ("1) 2 (1 ® [•, •]) (z), 
so that (1 ® [., ])(z) is in P 2 (-l) and thus E[^,i, [zfc,2, • • • , is 
defined. 

The second claim of the Proposition is proved in a symmetric way. 

□ 

We continue with the 



Proof, of Proposition [3.2| : 

We use (0), (|Tg), and (|T§ to get 

r 2 (l® [.,.]„)(*) = 

= (15 
= (1$ 
= (15 
= (15 

= fie 



.]„>!... r n r n ...ri(z) 

•]n)Ti . . . Trc.-iT^T^! . . . rf Tj . . . T n _iT n _i . . .T\{z 

]n)r n ■ ■ ■ r 2 r 1 2 r 2 _1 . . . r~ 1 n . . . r n _ 2 T 2 _ 1 r n _ 2 
•]n)(-r n . . . t 2 t(t 2 x . . . r^ 1 )(r„_ 1 . . . t 2 t\t 2 x . . . r, 

■]»)(*) 



n-U 



for all z G P n+1 (-1, C) hence (1®[., ] n ){z) is in P 2 (-l) and [., [., ] n ] 2 (z) 
is defined. 

Now we prove that [.,[., .] 2 , ] n n-i ■ ■ ■ n : P n+1 (-l,C) 3 £®2/i®. . .0 
J/n ^ [2/1, • • • , [z, Vi], ■ ■ ■ ,Vn] G P is well defined. Let z G P n+1 (-1, (). 
Then we have r\r 2 x . . . rf (z) = t 2 1 . . . rf (z) since t 2 x . . . r^ 1 — 1 ® 
rf 1 . . . rjl\. If we represent y = t 2 x . . . t~\z) = £ Oi ® &i G P 2 ® P n_1 
in shortest form, then the set {6,} is linearly independent, so J] c^®^ = 
7i(Ea*®6i) = E^iK)®^) hence rf(ai) = o» and y G P 2 (-l) (g)P n_1 . 
So we get n_! . . . nri . . . r 2 (y) = r<_i . . . r^) G P^ 1 ® P 2 (-l) ® P"' 1 
and (1 ® . . . ® [., .] ® . . . ® 1)t;_i . . .t x {z) G P n is defined. 

By Lemma we have (1 ® . . . ® [., .] 2 ® . . . ® l)(z) G P n (C), so that 
[., [., .] 2 , .} n Ti-i . . . 71(2) is well defined. □ 
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